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Thin walled members are one of the most widely used structural elements in modern 
structures. Beam-type finite elements, which are conventionally used to model these 
members, cannot capture cross-sectional deformation. On the other hand, the use of 
two-dimensional shell-type elements leads to computationally uneconomical models 
that cannot be adopted for common engineering practice. 
The aim of this study is to develop a numerical method to incorporate the effect of local 
deformation on the global response of a thin-walled beam. For this purpose, the Iterative 
Global-local Method is developed in which beam elements are used as the global model 
while two-dimensional shell elements are placed at critical regions to constitute the 
local model. The two models are synchronised within each computational iteration via a 
kinematically appropriate mathematical link.  
The Iterative Global-local Method is developed for elastic and elasto-plastic material 
response, for fibre-reinforced composite laminates, for pipes and curved thin-walled 
members. The accuracy and efficiency verification of the method is verified through 






Table of Contents 
Chapter 1: Introduction and Summary .............................................................................. 1 
1.1. Introduction ............................................................................................................ 1 
1.2. Objectives ............................................................................................................... 2 
1.3. Contents of the thesis ............................................................................................. 3 
Chapter 2: Preliminaries to the Iterative Global-local Method ......................................... 5 
2.1. Introduction ............................................................................................................ 5 
2.2. Literature review .................................................................................................... 6 
2.2.1. Vlasov Theory for thin-walled beams ............................................................. 6 
2.2.2. Instability of thin-walled members ................................................................. 9 
2.2.3. Buckling vs. post-buckling ........................................................................... 13 
2.2.4. Distortional buckling ..................................................................................... 15 
2.2.5. Evaluating the effect of local buckling on the global behavior .................... 17 
2.2.6. Generalized beam theory............................................................................... 19 
2.2.7. Iterative Global-local Method ....................................................................... 20 
2.3 Motivation for the Iterative Global-local Method ................................................. 24 
2.3.1. Introduction ................................................................................................... 24 
2.3.2. Background ................................................................................................... 25 
  
2.4. The beam element ................................................................................................ 27 
2.5. The shell element ................................................................................................. 33 
2.5.1. Introduction ................................................................................................... 33 
2.5.2. The membrane component of the shell element ........................................... 34 
2.5.3. The bending component of the shell element ............................................... 40 
2.5.4. Formulation of the shell element used in the Iterative Global-local Method 46 
2.6. The Iterative Global-local Method ....................................................................... 49 
2.6.1. Linearization of the equilibrium equations ................................................... 53 
2.6.2. Interface boundary conditions ....................................................................... 54 
2.6.3. Algorithm for the solution procedure ............................................................ 56 
2.7. The Iterative Global-local Method for non-uniform bending conditions ............ 59 
2.7.1. Introduction ................................................................................................... 59 
2.7.2. Formulation ................................................................................................... 60 
2.7.3. Applications .................................................................................................. 62 
2.8. Conclusions .......................................................................................................... 73 
2.9. References ............................................................................................................ 75 
Appendix 2.A .............................................................................................................. 86 
Appendix 2.B .............................................................................................................. 88 
  
Chapter 2 list of symbols ............................................................................................ 90 
Chapter 2 list of figures ............................................................................................... 95 
Chapter 3: The Iterative global-local method for the analysis of composite thin-walled 
elements........................................................................................................................... 97 
3.1. Introduction .......................................................................................................... 97 
3.2. Literature review .................................................................................................. 98 
3.3. Constitutive relations of an orthotropic plate ..................................................... 100 
3.4. The global model................................................................................................ 103 
3.5. The local model .................................................................................................. 106 
3.6. Numerical examples ........................................................................................... 107 
3.6.1. Verification of the shell element ................................................................. 108 
3.6.2. Verification of the proposed Iterative Global-local Method ....................... 113 
3.7. Conclusions ........................................................................................................ 120 
3.8. References .......................................................................................................... 122 
Chapter 3 list of symbols .......................................................................................... 124 
Chapter 3 list of figures ............................................................................................. 125 
Chapter 3 list of Tables ............................................................................................. 126 
Chapter 4: The Iterative Global-local Method for the analysis of pipes ....................... 127 
  
4.1. Abstract .............................................................................................................. 127 
4.2. Introduction ........................................................................................................ 128 
4.3. Beam-type analysis ............................................................................................ 129 
4.3.1. Kinematic assumptions, strains and stresses ............................................... 129 
4.3.2. Interpolation functions for the beam displacements ................................... 131 
4.3.3. Variational formulation ............................................................................... 133 
4.4. Shell-type analysis ............................................................................................. 135 
4.4.1. Kinematic assumptions and strains ............................................................. 135 
4.4.2. Constitutive relations .................................................................................. 138 
4.4.3. Variational formulation and consistent linearization .................................. 140 
4.5. Verification of the shell element ........................................................................ 141 
4.6. Numerical examples ........................................................................................... 143 
4.6.1. Cantilever pipe under compression, lateral force, and pinching forces ...... 143 
4.6.2. Ovalization in a simply supported pipe ....................................................... 148 
4.7. Conclusions ........................................................................................................ 153 
4.8. References .......................................................................................................... 154 
Appendix 4.A ............................................................................................................ 156 
Chapter 4 list of symbols .......................................................................................... 158 
  
Chapter 4 list of figures ............................................................................................. 161 
Chapter 5: Thin-walled curved beam formulation ........................................................ 162 
5.1. Introduction ........................................................................................................ 162 
5.2. Literature review ................................................................................................ 163 
5.3. Assumptions and scope ...................................................................................... 168 
5.4. Kinematics of the problem ................................................................................. 168 
5.4.1. Displacements ............................................................................................. 168 
5.4.2. Curvature values at deformed configuration ............................................... 172 
5.4.3. Strains .......................................................................................................... 172 
5.4.4. Variations of strains .................................................................................... 174 
5.5. Stresses and Stress Resultants ............................................................................ 175 
5.6. Loading .............................................................................................................. 177 
5.7. Principle of Virtual Work .................................................................................. 177 
5.7.1. Nonlinear equilibrium equations ................................................................. 177 
5.7.2. Consistent linearization ............................................................................... 178 
5.7.3. Finite element formulation .......................................................................... 181 
5.8. Applications ....................................................................................................... 181 
5.8.1. Simply-supported horizontally-curved beam .............................................. 181 
  
5.8.2. Cantilever curved beam .............................................................................. 185 
5.9. Conclusions ........................................................................................................ 188 
5.10. References ........................................................................................................ 189 
Appendix 5.A ............................................................................................................ 192 
Appendix 5.B ............................................................................................................ 194 
Appendix 5.C ............................................................................................................ 196 
Appendix 5.D ............................................................................................................ 197 
Appendix 5.E ............................................................................................................ 198 
Chapter 5 list of symbols .......................................................................................... 200 
Chapter 5 list of figures ............................................................................................. 203 
Chapter 6: The Iterative Global-local Method for the analysis of curved beams ......... 204 
6.1. Introduction ........................................................................................................ 204 
6.2. The beam element for curved thin-walled members .......................................... 205 
6.2.1. Derivation of the homogeneous governing differential equation ............... 205 
6.2.2. Solution to the homogeneous differential equation .................................... 210 
6.2.3. Verification ................................................................................................. 217 
6.3. The shell element for curved thin-walled members ........................................... 221 
6.3.1. Transformation matrix ................................................................................ 222 
  
6.3.2. Isoparametric formulation for quadrilateral element .................................. 224 
6.4. The overlapping domain decomposition operator.............................................. 227 
6.5. Numerical example ............................................................................................ 230 
6.6. Conclusions ........................................................................................................ 233 
6.7. References .......................................................................................................... 234 
Chapter 6 list of symbols .......................................................................................... 235 
Chapter 6 list of figures ............................................................................................. 238 
Chapter 7: Summary and recommendations ................................................................. 239 
7.1. Summary ............................................................................................................ 239 
7.2. Recommendations for further research .............................................................. 241 
 
 
 
 
 
